In this paper, we solve a large class of non-linear rational expectations models with regime switching, i.e. recurring shifts in parameters. The regime-switches and the shocks may follow state-dependent probability distributions. First, we provide sufficient conditions for the existence of a unique stable equilibrium using a perturbation approach.
1 Introduction Barthélemy and Marx (2012) , we characterize determinacy conditions for this class of models (Proposition 2) and provide first-and second-order Taylor expansions of the solution (Proposition 3). The state-dependence affects first-order terms only if the steady-states differ across regimes, otherwise the endogeneity has an impact at second-order only.
Third, we highlight three effects peculiar to the endogenous nature of regime switching by applying our method to two standard monetary models: a Fisherian and a new-Keynesian model. In both models, we assume that the reaction to inflation in the monetary policy rule can change across regimes according to a state-dependent jump process. In addition, we suppose that the probability of switching toward a more active monetary policy rule is higher when inflation deviates from its targeted level. The three effects we identify are the following:
First, the expectations of future switches affect the economic dynamics differently depending on the size of the shocks. We call this mechanism endogenous expectations formation effect. In our calibration, the probability of a future switch increases with the size of the shock, thus the expectations formation effect is all the larger that a shock is large. As a consequence, in the Fisherian model, real interest rate shocks are less destabilizing than in the state-independent case, especially for large shocks. The standard inflationary effect of such shocks is weakened by the endogenous expectations formation effect, which tends to decrease the immediate response of inflation. When the real interest rate shock is important, the expectations formation effect dominates and leads to a hump-shaped response of inflation.
Similarly, in the New-Keynesian model, the state-dependence tends to stabilize output and inflation after a demand shock. Facing a supply shock, this effect tends to destabilize output while it always stabilizes inflation.
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Second, shocks and regimes are correlated. In our illustrations, large shocks are, on average, associated with more active monetary policy regime since they induce large inflation deviation from the inflation target. Asymptotically, large shocks are thus more stabilized by an aggressive monetary policy and hence, the implied distribution of inflation is less volatile.
We call this mechanism the selection effect.
Third, stemming from these two effects, the state-dependent fluctuations of probabilities undermine the certainty equivalence and lead to distortions in the distributions of endogenous variables. In our examples, larger variance of shocks tends to stabilize the economy as it increases the likelihood of switching toward the active monetary policy regime. Furthermore, large shocks triggers asymmetric distribution. In the Fisherian model, an inflationary shock leads to a left-tailed asymmetric distribution of inflation. Indeed, extra inflationary shocks are associated with higher probability of the active monetary policy regime and hence a more stabilizing policy, while deflationary ones are associated with lower probability. This asymmetry induces a downside inflation risks that does not exist in a situation with no or small shocks.
Related Literature Recent papers have challenged the empirical validity of models based on time-invariant behavior of economic agents. For instance, several papers analyze the sharp decreases in output and inflation volatility around the mid 80s, the so-called "Great Moderation", by allowing for time-varying economic behavior. Among the competing sources of parameter changes, some papers have allowed for shifts in the parameters of monetary policy rules (Clarida et al., 2000; Lubik and Schorfheide, 2004; Bianchi, 2013) , others for breaks in the variance of structural shocks (Sims and Zha, 2006; Justiniano and Primiceri, 2008; Fernández-Villaverde et al., 2010; Liu et al., 2010) .
Within the context of forward looking economic agents, the possibility of future regimes switches alters agents' current decision rules (Sims, 1982) through what Leeper and Zha (2003) call the expectations formation effects. In simple calibrated monetary models with Markov switching monetary policy rules, Davig and Leeper (2007) show that these effects can be relatively large and can substantially modify determinacy conditions (see also Farmer et al., 2009a) .
In most of the literature, the expectations formation effects are state-invariant as regime switches are exogenous. However, allowing for endogenous regime switching appears useful in many contexts: monetary policy regime (Davig and Leeper, 2008) , financial crises (Coe, 2002) , defaults (Mendoza and Yue, 2011) , political regimes (Rothert, 2009) , occasionally binding constraints (Christiano and Fisher, 2000) , or sudden stops (Calvo, 1998 ) among many others. In such contexts, we expect the expectations formation effects to depend on the likelihood of future switches and, hence, on the current state of the economy. Davig and Leeper (2008) show that a monetary policy rule that changes when certain endogenous variables intersect specified thresholds leads to substantial and state-dependent expectations formation effects. However, Davig and Leeper's approach relies on numerical methods that imply high computational costs and lack of analytical results.
Other papers solve non-linear Markov switching rational expectations models invoking perturbation approach without fully justifying the underlying Implicit Function Theorem. Davig and Doh (2008) refer to Woodford (2003) to linearize a non-linear new Keynesian model with Markov switching. Foerster et al. (2011) propose an algorithm to solve a large class of non-linear Markov switching rational expectations models based on successive differentiations. At first sight, these approaches appear more flexible than ours as they allow for solving models with backward-looking components. However, they provide no explicit argument proving that a unique "stable" solution of the original non-linear model exists. In this paper, we fill in this gap by applying adequately the Implicit Function Theorem to Markov switching rational expectations models. More importantly, we innovate by introducing statedependent probability distributions. This paper is also closely related to the growing literature on solving linear exogenous Markov switching models. We identify two main solution techniques in this literature: the undetermined coefficient approach (Blake and Zampolli, 2006; Davig and Leeper, 2007; Svennson and Williams, 2009 ) and a direct approach (Farmer et al., 2010b; Cho, 2009 ). Our approach is closer to the undetermined coefficient approach since both methods are equivalent when models are linear.
The determinacy conditions for bounded solutions are still under debate. Davig and Leeper (2007) propose a simple determinacy condition for forward-looking Markov switching models. However, Farmer et al. (2010a) have casted doubts on their methods 2 . Because of this controversy, most of the literature has turned to the Mean Square Stability concept (see Farmer et al., 2009b; Cho, 2009 ) following the influential book by Costa et al. (2005) .
However, there is, at this stage, no theoretical argument ensuring the consistency of this concept of stability with the perturbation approach for non linear Markov switching DSGE models 3 .
Disregarding rational expectations, endogenous changes have been well studied in econometric frameworks. Following the seminal paper by Hamilton (1989) , Filardo (1994) and Filardo and Gordon (1998) estimate Markov switching regressions with time-varying transition probabilities. More recently, Kim et al. (2003) propose a technique for estimating multivariate models with endogenous regime switching, i.e. where transition probabilities depend on endogenous variables. However, these significant progresses cannot be replicated yet to estimate rational expectations models with endogenous regime switching.
The remainder of the paper is organized as follows. Section 2 presents the class of models we study as well as the concept of solution. Then, we provide our main theoretical result in Section 3, and give its applications in section 4. Finally, we apply our results to a Fisherian model, section 5 and a New-Keynesian model, section 6.
The class of models
In this section, we present the class of models under consideration and we specify the definition of a stable equilibrium.
Most of recent rational expectations macroeconomic models with regime switching can be reduced to the following system:
where z is a vector of endogenous variables evolving in a bounded closed set F of R n , v is a multi-dimensional stochastic process evolving in a bounded domain V of R p and σ is a scalar. We denote by s t in {1, · · · , N } the regime of the economy at date t. For any i, f i is a regular function and E t is the expectation operator given information available at time t, namely current and past shocks and regimes.
We study models in which the probability distribution of shocks depends on endogenous variables, z. In this case, we abusively say that shocks are endogenous, otherwise they are exogenous. Endogenous shocks are, for instance, shocks with state-dependent variances. In addition, we allow transition probabilities between regimes to depend on endogenous variables also. In this case, we say that the regime switching is endogenous.
More formally, we denote by u t ∈ U the concatenation of the regime and the shocks 2 In a companion paper (Barthélemy and Marx, 2012) , we provide the conditions guaranteing the uniqueness of a bounded solution for linear and forward-looking Markov switching models.
3 Contrary to standard boundedness concept, Mean Square Stability is not sufficient to ensure that spaces are Banach, whereas this condition is a prerequisite for applying the Implicit Function Theorem (s t , v t ). The set U ∞ represents the set of infinite sequences u t = (u t , u t−1 , · · · ). 4 We consider stochastic processes, u t , whose conditional probability distribution depends on any policy function, φ, mapping U ∞ to R n and on the history of past shocks and regimes, u t−1 ∈ U ∞ .
We denote this measure by µ γ in M(U ):
where h s is the conditional probability density function of shocks, u, in regime s and p s γ the (unconditional) probability of regime s. The scale parameter γ measures the sensitivity of the probability to the policy function φ. When γ = 0, p 0 is independent from φ and we say that the regime switching is exogenous. We provide some useful properties of the class of measure µ γ in Appendix A.1 under smoothness conditions on h s and p s γ . The standard perturbation approach for models without regime switching (Woodford, 1986; Jin and Judd, 2002, see) consists of considering a continuum of models with different sizes of shocks indexed by σ. When σ = 0, the shocks do not affect the economic model.
Then we link he determinacy of the stochastic model with the deterministic one (the one with no shock) by applying the Implicit Function Theorem (IFT).
In this paper, we innovate by considering a continuum of measures, µ γ , to solve the endogenous regime switching model. When γ = 0, the model is an exogenous regime switching rational expectations model. γ thus measures the degree of endogeneity of regime switching.
We show in section 3 that the determinacy of the endogenous regime switching, when γ is small enough, follows from the determinacy of the exogenous regime switching model. The following definition introduces the solution space we consider here. Definition 1. A stationary rational expectations equilibrium (s.r.e.e.) of model (1) is a continuous function φ : U ∞ → F such that:
2. If u is a U valued stochastic process whose conditional probability distribution is µ γ (see
We restrict our analysis to continuous and bounded functions, and we denote by B, the set of such functions. 5 This definition is more restrictive than mean-square stability as required by Farmer et al. (2007) . However, this stability concept is not suitable for applying a perturbation approach because it does not rely on a norm. On the contrary, the boundedness stability defined above is consistent with a norm defining a Banach space. In addition, our solution space is very close to, but slightly tighter than, the set of essentially bounded functions considered by Woodford (1986) . We cannot follow the Woodford's exact definition since the concept of essentially boundedness relies on an intrinsic measure, which does not exist in our setup.
We will prove the existence and the uniqueness of a s.r.e.e. when the continuous shocks are small enough (small σ) and the regime switching is weakly endogenous (small γ) by applying the IFT to an operator acting on the Banach space of bounded and continuous functions, B.
Perturbation approach
The aim of this section is to prove that there exists a unique s.r.e.e. of the model with small continuous shocks (σ small enough) and weakly endogenous regime switching (γ small enough) if the underlying exogenous regime switching model admits a unique solution [The-
We prove this result by applying the IFT in Banach Spaces (see Abraham et al., 1988, and section B.1 in the Appendix). The problem can indeed be rewritten as finding the zeros of an operator N acting on a bounded function φ in B, the two scale parameters γ and σ with values in B, such that, for any u t :
As explained in section 2, we assume that the transition probabilities do not depend on φ when γ is equal to 0, and that there is no continuous shock when σ = 0. Thus for any regime and shocks, u t ∈ U ∞ :
This operator corresponds to a model with exogenous regime switching and the shocks, v, are sunspot shocks (do not appear in the model, f st ). One may notice that transition probabilities can depend on past regimes and shocks. This thus encompasses Markov Switching models. Besides, even if the shocks, v, are sunspots, their probability distribution functions can depend on the policy function, φ.
We introduce E 0 t the expectation operator corresponding to exogenous regime switching and potentially endogenous continuous shocks. Equation (4) can then be rewritten as:
We will apply the IFT to N to prove the existence of a unique s.r.e.e. In order to do that, it is necessary to know a particular solution when γ = 0, and σ = 0, φ 0 , and to check for the invertibility of the differential, D φ N (φ 0 , 0, 0).
In fact, the invertibility of D φ N (φ 0 , 0, 0) coincides with the existence of a unique bounded continuous function, h, satisfying for any bounded continuous function, ψ ∈ B:
The invertibility of D φ N (φ 0 , 0, 0) corresponds to the existence of a unique s.r.e.e, for any bounded stochastic process, ψ t , of the following "linearized" regime switching model (see Appendix B.1):
where the shocks u t follow the probability distribution µ 0 , i.e. the regime switches are exogenous while the shocks may follow state dependent probability distributions. The matrices A(s t+1 ), B(s t ) and C(s t ) depend on the derivatives of f st and on the regimes history.
The coincidence between the invertibility of D φ N (φ 0 , 0, 0) and the uniqueness of a solution of model (6) leads to the following theorem. 2. The linearized model 6 admits a unique s.r.e.e. for any bounded process ψ t .
Then there exists γ 0 and σ 0 small enough such that, for any γ smaller than γ 0 , any σ smaller than σ 0 , there exists a unique s.r.e.e. of model 3 around φ 0 . Furthermore, the smoothness of φ stems from the one of the model, and its expansion in γ and σ is given by the differentiation of the implicit relation:
Proof. This theorem is a direct application of IFT in Banach Spaces. See Appendix B.1 for more details.
The first hypothesis of theorem 1 can usually be checked by hand while the second hypothesis coincides with the determinacy conditions of the underlying linearized model. Contrary to Woodford (1986) , this theorem only offers sufficient conditions of determinacy but is silent on the reciprocal. In addition, the solution, φ(γ), is not necessarily recursive contrary to what is postulated by Jin and Judd (2002) .
In most cases, these conditions are however difficult to verify as the coefficients of model 6 may depend on all the history of past regimes. Section 4 gives examples for which we can explicitly derive condition 2. of Theorem 1.
Applying Theorem 1
In this section, we apply Theorem 1 to two disconnected cases: (i) when there is no regime switching and shocks are endogenous (ii) when shocks are exogenous but regimes switch endogenously. More general results can be obtained by mixing these two cases, but we prefer splitting them for the sake of simplicity.
Endogenous shocks, no regime switching
The first corollary of Theorem 1 gives a rationale for linearizing a rational expectation model with endogenous shocks, when they are small enough. To this aim, we consider the model 3 in the absence of regime switching:
where v t follows a continuous law, h(v, φ, v t−1 ) (µ γ = h). We assume that h is Lebesguecontinuous and C 1 according to its second component.
We also suppose that the non linear model 8 admits a constant solution when σ = 0. We denote it byz and call it the deterministic steady-state. Thus,z satisfies f (z,z,z, 0) = 0.
Theorem 1 leads to the following proposition.
Proposition 1. The linearized model of the non linear model 8 atz is given by:
where v t follows a continuous exogenous process,
. If the linearized model 9
is determinate, then for σ small enough, model (8) admits also a unique s.r.e.e.
Proof. The linearized model 9 is a well-studied linear rational expectations model with exogenous shocks (see Appendix B.2 for more details), and determinacy conditions have been established by Blanchard and Kahn (1980) 6 .
This result generalizes Theorem 2 by Woodford (1986) ). The endogeneity of shocks' probability thus only matters for the second and higher orders Taylor expansion of the solution. We give the details in Appendix B.2.
Exogenous Shocks, Endogenous Regime Switching
Let us now turn to the endogenous regime switching model with exogenous shocks. We consider the following purely forward-looking model:
where ν t is a centered standardized truncated Gaussian. We assume that the transition probability from regime i to regime j only depends on the past value of endogenous variables, 6 Klein (2000) extends Blanchard and Kahn (1980) when the matrix ∂ 1 f (z,z,z, 0) is singular.
φ(u t−1 ). Thus, there exists a function p ij with values in [0, 1] such that:
In addition, we assume that the probabilities p ij are smooth (C 1 ) and constant for γ = 0 (p ij (0, .) =p ij ). The implied measure, µ γ , belongs to the class of measures described in Section 2.
As in the absence of regime switching, we assume that there exists a solution, φ 0 , when there is no shock. In addition, we suppose that this solution only depends on the current regime, i.e., φ 0 (is t−1 ) =z i where (z 1 , · · · ,z N ) is solution of the following system of N × n equations:
In this context, the associated linearized model can be written as:
where A ij and B i depend on the first derivatives of f i in (z j ,z i , 0) and are explicitly defined in Equation (32) in Appendix C.1. E 0 t denotes the expectation operator with respect to the state-invariant measure, µ 0 . ψ t is any bounded stochastic process. Finally, we impose that
This class of linear Markov switching models has been studied by Cho (2009) and Farmer et al. (2009b) using mean square stability and by Barthélemy and Marx (2012) using boundedness stability. A refinement of Barthélemy and Marx (2012) leads to the following determinacy condition:
Proposition 2. The linearized model 13 admits a unique s.r.e.e if and only if the limit of
is smaller than 1.
Proof. For the details on the proof, we refer to Barthélemy and Marx (2012) and Appendix C.1.
This condition extends the standard Blanchard and Kahn's forward iteration in a context of regime switching. In this context, not only the transition matrices, B −1 st A st , should be contracting for any regime but also all possible products between these matrices. Hence, the determinacy condition depends on the limit of a sequence that can be cumbersome to compute. Therefore, the determinacy conditions can be difficult to check in practice. Barthélemy and Marx (2012) give ways to circumvent this computational difficulty. We refer to this paper for further details.
Proposition 2 combined with Theorem 1 leads to the following result.
Proposition 3. Under conditions of Proposition 2, a unique s.r.e.e of model (10) exists for small shocks and weakly endogenous transition probabilities (σ and γ small enough). In this case, the first-order expansion of the solution is given by:
where R st and r st are given in Appendix C.2, equations (35) and (36).
In addition, if the steady-state φ 0 does not depend on the current regime, (z st =z), the second-order expansion of the solution is as follows:
where h st and q are given in Appendix C.2, (37), (38) . Moreover, the coefficients of γ k are zero for any order k > 0.
This proposition calls for many comments.
First, when the steady-state differs across regimes, state-dependent transition probabilities affect the endogenous variables in each regime even in the absence of shocks. The first two left-hand-side terms of Equation (14) provide the first-order approximation of the equilibrium in the absence of shocks with respect to γ. Higher-order terms in γ k correct for higher moments of the transition probabilities.
Second, the first-order expansion of the solution with respect to the shocks coincides with the one when transition probabilities are constant (Equation 14). Thus, the state-dependence of probabilities only alters the impact of shocks at higher orders.
Third, when the steady-state is regime invariant, the endogeneity of transition probabilities only modifies the transmission of shocks but does not modify the equilibrium in the absence of shocks -all the terms in γ k are zero.
Fourth, when the steady state is regime invariant, and the shocks are uncorrelated, endogeneity does not matter. For i.i.d. shocks, the expectations of future shocks are constant and, hence, do not modify the equilibrium independently from the probabilities of regime switches. In this case, there is no expectation formation effect, i.e. the expectations of future shocks do not affect the current decision rule.
When a forward-looking regime switching model is linear, the solution is defined whatever the size of the shocks. Therefore, there is no necessity to assume small shocks. We thus present a refinement of proposition 3 in the case of linear model -f i is linear for any i ∈ {1, · · · N }), with a constant steady-state. In this specific case, Equation (10) appears to be very similar to a linear Markov switching model apart from the underlying transition probabilities:
The linearized version of this Equation is thus a linear Markov switching model with constant transition probabilities. If we denote by E 0 t the conditional expectations given constant transition probabilities, the linearized model is:
where ψ t is any bounded stochastic process.
The following proposition replicates proposition 3 in the specific case of linear models and
shows that any order of the solution solves an exogenous regime switching model.
Proposition 4.
If the condition of Proposition 2 is satisfied, the linear regime switching rational expectation model 16 admits a unique s.r.e.e., z t , for γ small enough. In addition, if the probabilities are polynomial, the solution follows, for any integer K:
where the sequence w k t depends only on current shocks (s t , v t ) and is defined recursively as the solution of the following exogenous regime switching model:
where P k,st is recursively defined as a polynomial of v t depending on {w j } j<k (see Appendix D equation (40) for the exact definition of P k,st ). The two first functions are defined by:
Proof. This Proposition follows from Proposition 2. Proof is given in Appendix D.
This proposition shows that solving an endogenous regime switching model only requires solving multiple exogenous regime switching models. The zero order expansion is exactly the solution of the regime switching model with constant probabilities. The first-order expansion solves the same model but instead of the shocks, −C st v t , the right-hand-side member corresponds to the first-order wedge introduced by the state-dependence of transition probabilities. This term is the (first-order) additional expectations formation effect caused by expected fluctuations of transition probabilities.
This proposition is tractable as, at any order, the coefficient w k in the Taylor expansion is solution of an exogenous regime switching model with the right-hand-side only depending on lower order terms, {w j } j<k . Applying proposition 4 thus requires two steps: first, at each order, we need to compute w k given past w j ; second, we have to solve a regime switching model with polynomial or analytic function of shocks, v t . We describe in Appendix D an algorithm to compute the Taylor expansion in σ at any order.
A Fisherian model of inflation determination
In this section, we apply our results to a Proposition 4, we obtain the equilibrium dynamics when transition probabilities depend on inflation.
We identify two mechanisms stemming from the endogeneity of transition probabilities.
First, the expectations formation effects due to the possibility of future switches are state contingent, whereas these effects are constant in an exogenous Markov switching model.
Second, the endogenous fluctuations of transition probabilities lead to a state-dependent likelihood of each regime after a shock. This selection effect triggers modifications of averaged Impulse Response Functions compared to those obtained for exogenous regime switching.
When the probability of having a more reactive central banker increases with inflation, these two effects tend to stabilize the economy and especially in the presence of large shocks. These effects finally modify the shape of inflation distributions qualitatively.
The model
Consider a nominal bond that costs 1 at date t and pays off 1 + i t at date t + 1. The asset pricing equation for this bond can be written in log form around a constant steady state as:
where r t is the ex-ante equilibrium interest rate and evolves as r t = ρr t−1 + v t where ρ < 1 and v t is a zero-mean i.i.d bounded process. Monetary policy follows a simplified Taylor rule, adjusting the nominal interest rate in response to inflation, where the reaction to inflation evolves stochastically across regimes,
where s t is the realized (observable) monetary policy regime and takes two values {1, 2}.
We use the formalism introduced in section 4.2 and assume that the switching process follows a Markov chain with transition probabilities p ij = p(s t = j|s t−1 = i) depending on past inflation, π t−1 . To simplify the exposition, we focus on quadratic probabilities satisfying:
where λ ij is a parameter reflecting the sensitivity of the probability, p ij , to inflation and γ is the scale parameter. For consistency, ip ij = 1 and i λ ij = 0. Furthermore, we assume that γ is small enough to guarantee that the probabilities remain between 0 and 1.
As mentioned by Filardo (1994) , endogenous regime switching as exemplified by equation (22) allows for state-dependent duration of each regime. In our example, if λ 11 is negative, the average duration of regime 1 decreases when inflation deviates from its steady-state.
The solution
We assume that |α 1 | >p 11 and |α 2 | >p 22 and we apply Proposition 4 to find determinacy conditions of the Fisherian model and the first-order Taylor expansion of the solution.
Proposition 5. If the policy parameters satisfy the following determinacy condition:
Then there exists a unique s.r.e.e. for γ small enough and the solution satisfies:
where c st , d st and Λ st are regime-dependent scalars (see Appendix E for their expressions)
Proof. This Proposition is an application of Propositions 2 and 4. See appendix E for the complete proof.
As emphasized by Theorem 1, the determinacy conditions coincide with those of the exogenous Markov switching model. Thus, condition (23) is similar to determinacy conditions by Farmer et al. (2009a) and extends those obtained by Davig and Leeper (2007) . The interpretation of equation (23) is similar to the long-run Taylor principle by Davig and Leeper (2007) : there may exist a unique s.r.e.e. even if policy deviates from the Taylor principle "substantially for brief periods or modestly for prolonged periods".
Equation (24) gives the first-order Taylor expansion of inflation with respect to the scale parameter. The first term exactly coincides with the solution of the model when probabilities are constant. The second term results from the expectations of the third raw moments of the real interest rate shock. Generically, the higher the variance of the real interest rate shock, the more the endogeneity of probabilities matters.
Let us consider a central bank that can switch between an active monetary policy regime (α 2 = 3) and a passive monetary regime in which the monetary authority responds less than one to one to inflation (α 1 = 0.9). Furthermore, we assume that the higher the deviation from steady-state inflation, the more likely the central bank chooses the active regime (λ 11 < 0).
The parameters are fixed to deliver plausible Impulse Response Functions (see Table 1 in Appendix G). In this numerical application, a deviation of 1% from the steady-state level of inflation decreases the probability of remaining in regime 1 by −0.4%. In this case, the first-order Taylor expansion of inflation (in γ) is:
When s t = 2,π t = (0.60 − 0.004γ)r t − 1.4 * 10 2 γr 3 t .
As we could expect, the responses to a real interest rate shock in both regimes are smaller than in the exogenous regime-switching (γ = 0) since the probability of switching toward the aggressive regime increasingly anchors expectations. In what follows, we discuss two new features of the state-dependent regime switching equilibrium in comparison with the standard exogenous Markov switching model as studied in Davig and Leeper (2007) : the endogenous expectations formation effects and the endogenous selection effect.
Endogenous Expectations Formation Effects
In this section, we analyze the impact of the state-dependence of transition probabilities on expectations. In exogenous Markov switching models, Leeper and Zha (2003) and Davig and Leeper (2007) show that the possibility of future switches alters the current decisions of economic agents following the suggestion by Sims (1982) . This mechanism is known as the Expectations Formation Effect. Higher probabilities of switching from one regime to another amplify these effects. Therefore, one may expect that these effects become state-dependent in an endogenous regime switching framework.
To only focus on these endogenous expectations formation effects, we study the response of inflation to a real interest rate shock in each regime -i.e. when the economy remains unexpectedly in the same regime and no new shock hit the economy after the initial shock.
We plot these functions in figure 1. The left graph depicts the response to a one-standard deviation shock while the right graph displays the inflation response to a ten-standard deviation shock. The blue (red resp.) line represents the response when monetary policy is always active (passive resp.). The dashed thin line displays the response of r t to a real interest shock v t . We gather all the responses for different sizes of the shock in figure 2. In the left graph, in blue (in the right graph, in red resp.), we represent the ratio between the contemporaneous response to a shock and the size of the shock in the active (passive resp.) regime. The dashed thick line represents the maximal response divided by the size of the shock in each regime.
Finally, in dashed thin line, we plot these multipliers when probabilities are constant (γ = 0).
From figures 1 and 2, we draw four main conclusions.
First, whatever the size of the shock, the multipliers in both regime are strictly lower than those of the corresponding exogenous Markov switching model (see figure 2) . This means that the threat of switching toward a more aggressive regime when the inflation is higher helps stabilizing the economy in both regimes.
Second, there is a wedge between the exogenous solution and the endogenous one due to the uncertainty around the future values of shocks. This wedge is illustrated by the little difference between the dashed line and the red line when shocks are close to zero and by the variance term in equation (24).
Third, the larger the shock (in absolute value), the lower the multiplier. In the exogenous case, the size of the shock proportionally shifts the response of inflation as the solution is linear (the multiplier is constant, see figure 2 ). In the endogenous regime switching, a larger shock leads to a relatively smaller response of inflation. The initial response to a shock divided by the size of the shock is quadratic in the size of the shock (figure 2). We notice that the symmetric shape is a consequence of the quadratic term 7 in (22), and stems from the cubic term in equation (24). In other words, the impact of the expectations is higher when the shock is larger. Indeed, a larger shock triggers larger expectations of future switches toward the active monetary policy regime, and this tends to stabilize expectations. This endogenous expectations formation effect can be so important that it also alters the inflation responses in the active monetary policy regime itself. In such a situation, even if the probability of switching to the passive regime has not changed, economic agents internalize that if the economy switches to the passive monetary regime, the probability of staying in this regime has decreased. Consequently, the multiplier in the active regime also depends on the size of the shocks.
Fourth, when the size of the shock is very large, it generates hump-shaped inflation response (see figure 1) . Actually, the cubic polynomial (25) admits a maximum, r M . If r t > r M , the response to the shock first increases then decreases, leading to a hump-shape. The causes of the hump-shape and of the decreasing multiplier are the combination of two mechanisms. First, in an exogenous regime switching, a positive shock on the real interest rate, r t , leads to a rise in inflation. In the passive regime, this rise increases the probability of switching to the more active monetary policy regime, and through the expectations formation effect tends to limit inflationary pressures. While the first impact is linear, the second is not.
For small shocks, the first mechanism is preeminent and explains the monotonic decrease of inflation in reaction to shocks. The larger the shock, the more important the second mechanism. When this mechanism becomes predominant, the initial reaction of inflation is toned down by the threat of switching to the active regime. The mechanic decrease of the shock due to autocorrelation reduces this second channel and hence increases inflation. At a certain threshold, the two mechanisms cancel out, explaining the hump-shape.
To sum up, endogenous regime switches trigger endogenous expectations formation effects which are absent in exogenous regime switching models. This new mechanism seems particularly desirable in a large number of economic issues such as occasionally binding constraints, zero lower bound or defaults.
Endogenous Selection Effect
We now turn to the direct implication of the state-dependence of transition probabilities. We give the name of selection effect to the difference between the impact of a shock when agents 7 Assuming linear probabilities leads to an asymmetric behavior expect that transition probabilities are state-dependent but regime switches exogenously and the impact when regime switches endogenously and agents rationally takes into account this endogeneity. While the endogenous expectations formation effects modifies the contemporaneous response to a shock, the selection effect is only visible if we observe multiple trajectories as it modifies the occurrence of each regime. The endogenous expectations formation effect stems from the selection effect. In the Fisherian model, the selection effect reflects the higher likelihood of having an active central banker after large shocks compared to the case in which transition probabilities were constant.
We represent in figure 3 the expected impulse response function to a real interest rate shock (in red) for small and large shocks assuming that the initial regime is the passive one.
We also plot the expected response (in blue) considering a model in which inflation can switch between the two values given by equations (25) and (26) according to a Markov process with constant transition probabilities (p 11 andp 22 ). The difference between the two curves is only a consequence of a selection effect due to endogenous fluctuations of transition probabilities.
When shocks are small, the selection effect is negligible ( figure 3 ). The larger the shock, the larger the selection effect. This finding is consistent with the fact that transition probabilities are quadratic and hence more sensitive to large inflation deviations and thus to large shocks. After a large shock, inflation increases in both regimes. The likelihood of the active monetary policy regime increases. Thus, the average inflation response is closer to the one under the active monetary policy regime.
Finally, in our application, we emphasize a direct implication of the state-dependence on the likelihood of each regime; this leads to complex behavior of expected IRFs through what we call the selection effect. This mechanism is already observed in endogenous regime switching model without rational expectations.
Consequences on inflation distributions
The two effects mentioned above, endogenous expectations formation effect and selection effect, contribute to modify significantly the shape of the distribution probability functions of inflation. The variance as well as the skewness change with respect to the size of the shocks. Figure 4 plots the distribution of inflation after a 10-standard deviation real interest rate shock when the initial monetary regime is passive and shocks hit the economy stochastically.
The left, middle and right panels report the distributions of inflation two, ten and forty quarters after the shock hits the economy. The dashed black curve displays the distribution for the exogenous regime switching model (λ = 0). The blue curve displays the distribution when economic agents internalize that probabilities are state-dependent but regime switching probability are actually constant. The red curve displays the distribution of inflation when probabilities are state-dependent and agents . The difference between the dashed and the blue curves results from the expectations formation effects only, while the endogenous selection effect triggers the difference between the blue and the red curves. These assessments of the respective role of the two effects on the distributions are only qualitative since the model is calibrated and very simple.
Immediately after a large real interest shock, the expectations formation effect dominates.
Even if the shock increases the probability of switching toward a more active monetary policy regime, the economy takes time to switch explaining why the selection effects is second order just after the shock. The expectations formation effect generates three main effects.
First, average inflation is stabilized consistently to figure 1. Second, volatility is reduced as large shocks are more stabilized when transition probabilities are state-dependent. Third, the expectations of future switches tend to stabilize more large positive shocks rather than negative ones as the level of inflation is already high. A positive shock in addition to the initial large shock tends to increase the probability of switching toward a more active monetary policy regime, while a negative shock decreases this probability. These forces lead to an asymmetric left-tailed distribution.
Longer after the shock, the selection effect matter more. The selection effect asymptotically dominate the expectations formation effect. Both effects contribute to a tighter ergodic distribution than that caused by the exogenous regime switching model. Indeed, after a number of periods the correlation between the size of the shocks and the regime generates a less volatile inflation distribution.
A New-Keynesian model
The Fisherian model allows understanding certain effects caused by endogenous regime switching in a simple and tractable framework. We delve further into these effects in a more realistic model and solve a standard regime switching new-Keynesian model as suggested by Lubik and Schorfheide (2004) and first studied in a regime switching context in Davig and Leeper (2007) . We consider a canonical new-Keynesian model in which the monetary policy rule differs across regimes. As in the previous section, we assume that transition probabilities only depend on inflation.
where y t , π t and i t are the output-gap, inflation (in log) and the nominal interest rate (in deviation around a certain steady state). Equation (27) is an IS curve linking the output-gap to all the future ex-ante real interest rates and future and current demand shocks, d t . σ is agents' risk aversion. Equation (28) is a New-Keynesian Philips Curve linking inflation to all the future marginal costs summarized by the output-gap where κ measures the degree of nominal rigidities while β stands for the discount factor. s t denotes a cost-push shock translating the Philips Curve. Equation (29) is a simplified Taylor rule with a potential shift in the reaction to inflation (α 1 or α 2 ) and output gap (γ 1 and γ 2 ). s t ∈ {1, 2} stands for the current regime of monetary policy. Finally, we assume that shocks are AR(1) with a persistence equals to ρ.
For an extended discussion about the determinacy conditions of this model we refer to Barthélemy and Marx (2012) . We fix parameter values as in Lubik and Schorfheide (2004) and Davig and Leeper (2007) . Regime 1 is supposed to correspond to the active monetary policy undertaken during the post-Volcker period (α 1 = 2.19 and γ 1 = 0.3), while regime 2 stands for the passive monetary regime which had occurred before the nomination of Paul Volcker in 1979 (α 2 = 0.89 and γ 2 = 0.15).
In addition, we assume that probabilities of switching are as follows:
We compare two cases. In the first case, we consider an exogenous regime switching monetary policy, i.e. we assume that probabilities of switching are constant, λ = 0. In the second case, we consider an endogenous regime switching economy with λ = 100. This value of λ implies that, when inflation is at the steady state, the probability of remaining in the dovish regime is 0.8, while this probability is equal to 0.79 when quarter to quarter inflation 
Stabilizing properties of endogenous regime switching
Figures 5 and 6 display the average responses of inflation and output, to a supply and a demand shocks, taking into account the possibility of future switches. We consider the exogenous and the endogenous regime switching models. For both shocks and models, we depict the average responses of output and inflation triggered by demand and supply shocks given the initial regime. As we cannot rely on the certainty equivalence, we compute the average response to the shock over 100 000 different draws of shocks and regimes history.
These responses take into account the two effects mentioned in section 5: the endogenous formation effect and the selection effect.
After a positive demand shock (a natural real interest shock), endogenous regime switching tends to stabilize inflation and output compared to the exogenous regime switching case in the dovish regime. The expectations of switches toward a more aggressive monetary policy lower inflation expectations, and hence, reduce incentives for firms that can re-optimize their prices to increase prices today. This limits contemporaneous inflationary pressures, increases real ex-ante interest rate and thus reduces also output through the IS curve. In this case, the state dependent probability acts as if the current monetary policy would be more aggressive than what it is actually.
The change in the transmission mechanism due to the endogenous transition probabilities differs when considering that the initial central banker is active. The inflation rate is also smaller than its level in the exogenous regime switching case. Expectations of a potential future switch leads to smaller expected inflation (see the distributions of 1-period ahead inflation in Figure 7 ) and hence less inflationary pressures because inflation in the dovish regime is smaller than in the exogenous regime switching case. Although contemporaneous ex-ante real interest rate is lower, a demand shock implies a slightly higher contemporaneous output response. The reason is linked to higher expected output linked to future lower real interest rate. The difference between output responses in the two cases however appears to be modest compared to differences mentioned above.
The response of inflation to a negative supply shock (or a positive markup shock), is always smaller than the response in the exogenous regime switching model, whatever the initial regime. Thus, endogeneity succeeds in stabilizing inflation for both shocks and in each regime. When the initial monetary regime is active, the response of output is not substantially modified by endogeneity. However, when the initial regime is passive, the impact of a supply shock on output is significantly larger when transition probabilities are endogenous. A higher probability of switching toward the active regime induces a larger response of output to supply shock, reflecting the usual trade-off generated by supply shocks.
In conclusion, when inflation deviates from the targeted value, the probability of switching toward a more aggressive monetary policy increases, which tends to stabilize inflation in both regimes, independently of the source of disturbances. Similarly to the Fisherian model, the monetary policy is all the more stabilizing that the shocks are large. Contrary to the univariate case, endogeneity can be destabilizing and amplifies negative supply shocks, notably in the passive regime. First, all the distributions are tighter in the endogenous regime switching model indicating that the form of the endogeneity introduced here improves the predictability of the economy.
Consequences on distributions
Second, the differences induced by endogeneity are larger in the passive regime, resulting from the assumption that only the probabilities of switching from this regime to the others are state-dependent. Third, the largest impact concerns inflation. Endogeneity substantially modifies the variance of the inflation distribution consistently with the implicit objective of such state-dependent probabilities, i.e. to stabilize inflation and especially when facing large shocks. Fourth, we notice in Figure 7 that the endogeneity of transition probabilities reduces the occurrence of large inflation deviation by limiting the joint probability of large shocks and passive monetary policy. Finally, as in the Fisherian model, the endogeneity of transition probabilities triggers asymmetric inflation distribution. The one period ahead distribution of inflation is left-tailed after a large supply shock, resulting from the small joint probability of new positive inflationary shocks and switching toward the passive monetary policy regime.
Conclusion
In this paper, we study non-linear rational expectations models, in which shocks or regimes may follow state-dependent probability distributions. In such models, we show how to use the perturbation approach and provide the determinacy conditions as well as Taylor expansions of the solution. Based on algebraic solving, our methodology can be applied to any non linear rational expectations model, as long as there is no backward looking component.
We apply our findings to a Fisherian model of inflation determination and a New Keynesian model in which monetary policy switches endogenously between a passive and an active monetary policy regimes. Precisely, we assume that the more active regime is more likely when inflation deviates from its targeted level. This endogeneity does not affect the determinacy conditions as we assume small fluctuations of probabilities.
We identify two effects peculiar to endogenous regime switching. First, the expectations of future switches alters the economic dynamics and their size depend on the size of the shocks. We call this effect the endogenous expectations formation effect. Second, the average occurrence of each regime depends on the size of the shocks also. We call this latter effect, the endogenous selection effect. In our illustrations, both effects contribute to stabilize inflation but can destabilize output when a supply shock hits the economy. Furthermore, the two effects tend to change the variance and the skewness of economic variables' distributions depending on shocks hitting the economy. Although our examples are mainly qualitative, they illustrate that the asymmetry observed in empirical distributions could be explained through these two effects. 
In addition, we assume that:
• p i γ is C 1 according to its first argument and γ → p i γ is C 1 .
• For any φ ∈ B and
• For any
The measure µ γ (·, φ, u t−1 ) can be seen as a continuous linear form on continuous and bounded functions space, B, and we write abusively U µ γ (u, φ, u t−1 )Ψ(u)du =< Ψ, µ γ > even if this measure is not Lebesgue-continuous in general.
Lemma 1.
1. For any Ψ ∈ B, for any γ ∈ [0, 1] and for any
We abusively denote by U Ψ(u)D φ µ γ (u, φ, u t−1 )(φ)du its differential at φ applied toφ.
2. It exists C > 0, such that for any Ψ in B for any γ ∈ [0, 1], for any u t−1 ∈ U ∞ , for any φ andφ of norm equal to 1,
For any Ψ ∈ B, for any φ and for any
Proof. We first check that µ γ satisfies 1. Fix Ψ ∈ B, γ ∈ [0, 1] and u t−1 ∈ U ∞ , we compute:
Thus, φ →< Ψ, µ γ (u, φ, u t−1 ) > is derivable because this function is the sum of the product of derivable function and an integral which is C 1 by dominated convergence theorem.
Then, we check that 2. is satisfied.
Finally, we verify 3.
As we suppose that for any
These properties imply that the model as a whole is smooth enough to apply Implicit Function Theorem. Obviously, when measures are state-invariant, these three properties are immediate for any measures. We notice that point 2. can be interpreted as the fact that
is a distribution of order 0 uniformly bounded. Point 3. guarantees that the measures µ γ are a C 1 path between µ 0 and µ 1 and hence we can apply perturbation method around γ = 0.
A.2 Lag and lead operators
We introduce some notations, useful for the following. Fix a function φ 0 ∈ B, we define the operators F i , for i ∈ {1, · · · N } and L on B as follows:
by straightforward computation. The second follows from the fact that:
and the last inequality is an equality if H is constant.
B Proof of Theorem 1 B.1 Proof of Theorem 1
In this part, we prove Theorem 1 by applying the implicit function theorem applied to the operator N . First, we recall the Implicit Function Theorem(IFT).
Theorem 2. [Abraham et al. (1988) ] Let E, F, G be 3 Banach spaces, let
F → G is an isomorphism. Then there are neighborhoods U 0 of x 0 and W 0 of f (x 0 , y 0 ) and
Thus, we check that:
1. B with the norm . ∞ , and R with |.| are Banach spaces.
, where M is a positive scalar.
The first point is immediate, B with the norm . ∞ is a Banach space as a product of Banach spaces. Point 2. results from the following lemma.
Proof. For any φ ∈ B, the function γ → N (φ, γ) is C 1 by regularity of p i γ and f . For the differentiability in φ, we check that Φ → N (φ, γ) is differentiable, with continuous differential:
dv is differentiable by regularity of f , h i , and Lebesgue's dominated convergence Theorem. It results from the differentiability of φ → p i γ (φ, u t−1 ) that φ → N (φ, γ) is differentiable and moreover:
where, for a function k, k(· · · ) = k(φ(isDue to Lemma 2, N is differentiable and according to Lemma 3, we compute: The invertibility of the differential given in Equation (31) is equivalent to the determinacy conditions of the following standard linear model:
where Z t = [z t z t−1 ], ψ t is a bounded stochastic process and matrices A and B depend on partial derivatives of f . We then consider the pencil (A, B) and introduce its real generalized Schur decomposition, following Klein (2000) : there exist unitary matrices Q and Z, quasi triangular matrices T and S such that:
A = QT Z and B = QSZ Furthermore, we rank the generalized eigenvalues such that
] which is possible if and only if the number of explosive generalized eigenvalues is n (Blanchard and Kahn, 1980; Klein, 2000) . In this case, D φ N (φ 0 , 0) is invertible and
where, for a matrix M ∈ M 2n (R), we write M by blocks of M n (R):
C Linearizing non linear endogenous regime switching model
In this section, we prove that linearizing the non-linear endogenous regime switching model (see Section 4.2) results in Equation (13).
We compute:
We use Lemma 3 to evaluate its differential, D φ N (φ 0 , 0):
Introducing A ij and B i defined for (i, j) ∈ {1, · · · , N } 2 by:
we get that:
This proves that Equation (13) corresponds to the linearized model at φ 0 associated with the non-linear endogenous regime switching model 10.
C.1 Proof of proposition 2
In this section, we prove Proposition 2. The proof is a refinement of Barthélemy and Marx (2012) . Let us denote by ψ a function in B(U ∞ ), we consider the equation
Then, introducing the operator R, defined by:
Equation (33) can be rewritten as
. Mimicking the proof in Barthélemy and Marx (2012) , we have the following result:
Lemma 4. The operator R is bounded and its spectrum is given by
The proof of this Lemma is completely similar to the proof of Lemma 4 in Barthélemy and Marx (2012) and we refer to this paper for the details. 
This ends the proof of Proposition 2.
C.2 Proof of Proposition 3
We first compute the fist-order expansion of the unique solution of model 10 in general and prove Equation (14).
We compute D γ N (φ 0 , 0, 0) and D σ N (φ 0 , 0, 0).
Thus, by the method of undetermined coefficients, we see that
and
where P is the transition probabilities matrix when probabilities are constant, i.e. for γ = 0. We now turn to the case in which the steady state does not depend on the regime. We aim at proving Equation (15) in proposition 3. We first notice that, if for any i,z i =z, then, for any i,
since the sum of the probabilities is constant equal to 1. Therefore, the first-order expansion in γ is 0. More generally, we notice that, for k > 0:
Thus the coefficients of γ k in the expansion of the solution are zero, for any k > 0. We differentiate equation (7) to get that:
Thus,
Differentiating once again, we get that:
This leads to
Moreover, differentiating (7) twice with respect to σ, we get that:
and :
We finally get ∂ where q satisfies
D Proof of Proposition 4
In this section, we prove Proposition 4. The existence of the solution relies on the results of Proposition 3. Since the model is linear, the expansion is valid for any σ. The analyticity of probabilities and of the model itself spread to the solution. Therefore, the solution can be written as:
We define
Equation (16) is rewritten as
where
By fixing γ equal to 0, we find that P 0,st = −C st v t and hence, w 0 t solves a standard linear exogenous regime switching model: w 0 t = R st v t , where R st is defined above. Then, we get P 1,st by using the fact that Z t and W 0 t satisfies similar equations:
Then, by taking the first-order in γ we find that W 1 t satisfies:
Reiterating this computation, we can compute recursively W k t given lower order W j t . P k,st is a polynomial given by the term in γ k in:
This leads to the following algorithm, proposing an iterative procedure to accomplish these two steps in the case of polynomial probabilities.
Let us denote by U j , for j ∈ {1, · · · , p(k)}, the canonical basis of p-order polynomial on R n where p(k) refers to the maximum degree of P k,st for any regime, s t . We define by
.) the coordinates of P k,st (w k in regime s t resp.) in this basis. 2. Compute the matrix,
, representing the expectation operator in polynomial space: Davig and Leeper (2007) proves that the eigenvalues of S 1 are smaller than one if and only if:
E.2 The solution when probabilities are exogenous
We directly apply Proposition 4 and with the notations of section D, Λ = ρ and
We know that:
In particular, if ρ = 0, Λ 1 = Λ 2 = 1.
The expression of N (φ, γ) leads to:
We thus define
, to rewrite the differential as follows:
As r t is independent from the switching process,
We notice that:
Now we compute first and second raw moments of r t :
Finally by applying Proposition 4 we find:
F The New-Keynesian model
The model is :
with following transition probabilities:
The persistence matrix of the shocks satisfies:
π t , the model can be rewritten as :
The solution of the linear exogenous model is given by
According to Proposition 4, we know that the solution is given by Z t = Z 0 t + w t , where
Furthermore, We define Σ = diag(Σ 1 , Σ 2 ), Υ = diag(Υ 1 , Υ 2 ), Ψ = diag(Ψ 1 , Ψ 2 ), and Ξ = diag(Ξ 1 , Ξ 2 ). The left (resp. right) figure depicts the responses to a 1-(resp. a 10-) standard deviation real interest shock. In dashed black line, we report the trajectory of the shock. This is not a perfect foresight equilibrium, rational agents expect future shocks. In thick blue (resp. red) line, we plot the response of inflation in the passive (resp. active) monetary policy regime. The left (resp. right) panel depicts multipliers -the ratio of the inflation response over the size of the shock -for different size of the shock (in abscises, expressed in standard deviation) for the active regime (resp. the passive regime). The thin dashed lines report the multipliers for the exogenous regime switching (γ = 0). The thick blue curves represent the initial multiplier while the thick dashed curves represent the maximum multiplier both for the endogenous regime switching. The left (resp. right) figure depicts the responses to a 1-(resp. a 10-) standard deviation real interest shock. Thin black and thin dashed black lines display the responses when the monetary policy regime remains active and passive. In blue, we plot the trajectory which would prevail if the equilibrium consisted of a Markov chain with constant probabilities between the two responses. This trajectory has no economic sense but allows isolating the selection effect due to changing probabilities but not due to expectations only. In red, the expected response when probabilities are state dependent but no shocks affect the economy. We assume that the initial monetary policy regime is passive. Note: We simulate 100 00 trajectories after an initial 10-standard deviation shock and starting from the passive monetary policy regime. At each period a real interest rate shock hit the economy following a Gaussian distribution. In dashed black, the distribution of inflation when regimes switch exogenously. The blue curve displays the distribution if agents take into account the endogeneity of regime switching but regimes siwtch exogenously. In red, we depict the distribution in the full endogenous regime switching model. Note: Red (resp. black) line plots the distribution of output and inflation one period after a 3-standard deviation shock for endogenous (resp. exogenous) regime switching model. Initial monetary policy regime is active. Distributions result from 100 000 draws of future shocks and regimes and are approximated using a standard kernel estimate. The vertical red and black lines report the mean of the distributions. Note: Red (resp. black) line plots the distribution of output and inflation one period after a 3-standard deviation shock for endogenous (resp. exogenous) regime switching model. Initial monetary policy regime is passive. Distributions result from 100 000 draws of future shocks and regimes and are approximated using a standard kernel estimate. The vertical red and black lines report the mean of the distributions.
G Numerical application

